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Abstract 
A method is used to solve the Fredholm integral equation of the second kind, which is investigated from the 
semi-symmetric Hertz problem for two different elastic materials in three dimensions. Also the kernel is represented in the 
nonhomogeneous wave equation form. 
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1. Introduction 
Let us consider the general kernel form for the Fredholm integral equation 
(1.1) 
s a Km(x, Y) = tY J&x) J,(ty) dt, 0 
where J,(z) is the Bessel function of the first kind. 
Many problems of mathematical physics, theory of elasticity, viscodynamics fluid and mixed 
problems of mechanics of continuous media reduce to the Fredholm integral equation with 
a kernel that takes a special form of Eq. (1.1). 
Arutiunian [3] has shown that the plane contact problem of the nonlinear theory of plasticity (in 
its first approximation) can be reduced to the Fredholm integral equation of the first kind with 
Kar1mankerne1K(x,t)=~x-t~~“(~=0,;1=~,0dv~1andm=n=f~forthesymmetric 
and the skew symmetric cases respectively). 
Mkhitarian [6] used the generalized potential theory method to obtain the eigenvalues and 
eigenfunctions in the two-dimensional problem for the Fredholm integral equation of the first kind 
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with Karlman kernel. In [7,8], Mkhitarian and Abdou, using Krein’s method, obtained the general 
formulae for the potential analytic functions of the Fredholm integral equation (even and odd 
cases) of the first kind with Karlman kernel [7], and with logarithmic kernel [S] 
(Klx - tl = - lnlx - tl, E = v = 0, 1, = 3, m = n = + +). 
Kovalenko [S] developed the Fredholm integral equation of the first kind for the mechanics 
mixed problems of continuous media and obtained an approximate solution, when the kernel of 
Eq. (1.1) satisfies the conditions E = “J = n = m = 0 and 1, = 1. 
The goal here is to solve more difficult problems of the Fredholm integral equation of the second 
kind in three dimensions with a potential function kernel. Also, we prove that the kernel fulfills 
a nonhomogeneous wave equation. 
($-$) K(x, Y) = VW - MY)) K(x, Y), 
h(x) = (m” - $,x-’ (m = 0,1,2, . . . ). 
Some important cases are also derived. 
2. Formulation of the problem 
Consider the three-dimensional semi-symmetric Hertz contact problem [9] of two rigid surfaces 
having two different elastic materials occupying the domain w = {z = 0, Jm < a (see Fig. 
l)} and the kernel in the form of a potential function. 
As it is known in [lo], the integral equation of such a problem has the form 
(4 + 12) w, Y) + ($1 + 92) 
ss J 
f’(i, ~1 di drl 
(2.1) w (x _ 1)2 + (yy _ v7)2 = 6 -f1k Y) -f2k Y). 
Here p(x, y) are the normal stresses that are unknown between the two surfaces, W is the contact 
domain between the two surfaces,fi(x, y) (i = 1,2) are the functions describing the two surfaces, 3-i 
are the coefficients bed of the compressible materials that depend on its geometry and its physical 
Fig. 1. 
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properties, 6 is the rigid displacement under the action of a force P, and 
where ,LL~ are the Poisson’s coefficients and Ei are the coefficients of Young. 
Eq. (2.1) is valid under the condition 
ss P(x,y)dxdy=P<a. W 
Using the polar coordinates, Eqs. (2.1) and (2.2) take the form 
a II 
P(r, 0) + I,’ ss J P(P> 4) P dp W 0 -71 r2 - p2 - 2rp cos(8 - 4) =f (r, 0) 
and 
a I ss P(P> 4)~ dp W = P, 0 -n 
where 
To separate the variables, one assumes 
Pk Q) = P,(r) 1 cos me, sin me f(r, 0) =.L(r) > 1 zzr: 
Using (2.5) and (2.3) and (2.4) we have 
and 
s a Prn(P)PdP = 0 1 Pl2n 3 m=O 0 m = 1,2, . . . , 
where 
WA PI = 
cos rn4 d$ 
r2 +p2 -2rpcos4 ’ 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
(2.7) 
(2.8) 
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3. Method of solution 
For writing (2.8) in the Bessel function form, firstly we use the following famous relation [3(a)]: 
s 2n cos rn4 d4 271(a), zm 0 (1-2zcos~+z2)“= m! F(a, m + rx; m + 1; z2) (3.1) 
and 
IzI < 1, Rea ~-0; (a), = ‘(y(!$“) 
> 
. 
(3.2) 
Hence, Eq. (2.8) takes the form 
W&Y P) = 
2&T(m + 3) (rp)” 
m, (r + p)2m+ 1 F 
( 
4vJ 
m + 4, m + 3; 2m + 1, (r + pl2 
> 
3 (3.3) 
where F(a, b; c; z) is the Gauss hypergeometric function, and I’(x) is the Gamma function. Formula 
(3.3) is symmetric and does not depend on the relation between p and r. 
Secondly, using the famous relation [3(b)] 
s 
; J&x) J,(bx)x+dx 
a”b”2-flT [a + (1 - /I)/21 
‘(a + b) 2ar-p+i r(a + 1) r((1 + P)/2) 
F 
( 
a ++I +;;2a + l;( 
a 
4,“hh,2), 
Eq. (3.3) takes the form 
W&, p) = 2n 
s 
‘J,(tp)J,(tr) dt. 
0 
(3.4) 
(3.5) 
Using the following notations 
(3.6) 
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we can write Eqs. (2.6), (2.7) and (3.5) in the form 
w&4 VI 
W,*b,Y) = 2n = nJm(tu)J,,&v) dt. 
s 0 
Assume 4(u) = 4 $(u), g(u) = &f(u) in Eqs. (3.7) and (3.Q so we have 
4(u) + & K(u, 4 444 dv = g(u) 
where 
K(u, v) = $i [‘J,(tu)J,(tv)dt. 
(3.7) 
(3.8) 
(3.9) 
(3.10) 
(3.11) 
(3.12) 
Jo 
The solution of (3.10) depends on the kernel (3.12) and the two surfaces&,(u) (i = 1,2). So, we 
writefim(U) in Macklorien expansion around u = 0. 
When the initial points and the tangent points of the surface are in contact with the origin 0, we 
have 
f +f (u) Ji?l(O) +f2/im u2 +flxO) +.Gm u3 + ... . 
lm 2m 2! 3! 
(3.13) 
If the displacement is very small andf&(O) +f&(O) # 0, we obtain 
flm(4 +f2m(4 = AU2> A = 3 [f;;(o) +fi';(o)]. 
Eq. (3.13) gives the degree of displacement of the surfaces. 
In the general case, we have 
(3.14) 
Hence, the function g(u) takes the form 
(3.15) 
(3.16) 
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Eq. (3.16) represents a polynomial of degree 2n + 3, and the solution of Eq. (3.10) depends on the 
function g(u) in (3.16). So we define Q,(u), such that (3.10) and (3.11) reduce to the formulas 
Q,(u) + A3 
r 
‘K(u, v)@,(u)du = ZAPS+ “’ (3.17) 
0 
and 
d,~~~~~(u)du-A,SI;;B,(u)du=q, 
0 
where 
(3.18) 
Q(u) = d()@rJ(u) - A,@,,(u) (n = 0,1,2, . . . ). (3.19) 
Eq. (3.17) represents the Fredholm integral equation of the second kind in one dimension, which 
depends on the degree of displacement of the surfaces, under the condition (3.18). 
4. Partial differential equation 
For representing the kernel (3.12) in the form of a differential equation, differentiate it with 
respect to u and u respectively, 
‘t [JL(tu) - J&v) - J,(W) J;(tv)] dt. (4.1) 
The second derivatives take the form 
t2 [J;(tu)J,Jtu) - J,(tu) J;(tu)] dt. 
Using the famous relation [3(b)], 
in (4.1) and (4.2) we obtain 
(g-g) K(u, 0) = Mu) - h(4) K(u, u), 
(4.2) 
(4.3) 
(4.4) 
where 
h(x) = (m’ - Qx-‘. 
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5. Conclusions 
167 
From the above results and discussions the following may be concluded: 
(1) The three-dimensional semi-symmetric Hertz contact problem of two different elastic mater- 
ials with potential function kernel can be reduced to the Fredholm integral equation of the second 
kind of one variable. 
(2) The potential function kernel reduces to the Weber-Sonin kernel K(u, v) = 
&j; J, tu J, tux ( ) ( )d h’h t, w lc represents a nonhomogeneous wave equation, and it can be written 
as a special case of (1.1). 
(3) The contact problems of a half-space, in three dimensions, can be derived from out work 
when i.i + 0, El + x and&(x, y) = 0. 
(4) If we neglect the coefficients bed of the compressible materials, we have a Fredholm integral 
equation of the first kind with potential kernel (see [a]). 
(5) The value of the kernel (3.12) can be represented in the Legendre polynomials as follows: 
(5.1) 
(Pr( U) is Legendre polynomial). 
(6) The contact problem of the zero harmonic symmetric kernel of the potential function is 
included as a special case when m = 0. Also, the contact problem of the first- and higher-order 
(m = 1,2, . . . ) harmonic Fredholm integral is included as a special case. 
(7) This paper can be considered as a generalization of the work of contact problems in 
continuous media which is discussed in [l]. 
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